THE SECOND HOCHSCHILD COHOMOLOGY GROUP FOR A 
CLASS OF ONE-PARAMETRIC SELF-INJECTIVE ALGEBRAS 



DEENA AL-KADI 

Abstract. In this paper we determine the second Hochschild cohomology 
group for a class of self-injective algebras of tame representation type namely, 
those which are standard one-parametric but not weakly symmetric. These 
were classified up to derived equivalence by Bocian, Holm and Skowrohski in 
[2]- We show for the algebras A = A{p, q, k, s, X) that HH^(A) has dimension 
1 and we find an associative deformation of A. 



Introduction 

This paper determines the second Hochschild cohomology group for all standard 
one-parametric but not weakly symmetric self-injective algebras of tame represen- 
tation type. Bocian, Holm and Skowrohski give, in [2], a classification of these 
algebras by quiver and relations up to derived equivalence. The algebras in [2] 
are divided into two types and here we study the second Hochschild cohomology 
group for one type, namely for the algebras A = A(p, q, fc, s. A) where p, q, s, k are 
integers such that p,(7>0,fc>2,l<s<fc— 1, gcd(s, k) — 1, gcd(s + 2, fc) = 1 and 

A e is:\{0}. 

We start, in Section (TJ by introducing the algebra A by quiver and relations. 
Section 2 of this paper describes the projective resolution of [3] which we use to 
find HH'^(A). In the third section, we determine HH^(A) explicitly, considering 
separately the cases \ < s < k ~ 2 and s = k — 1. The main result is Theorem 
13.91 which shows that HH^(A) has dimension 1 for 1 < s < A: — 1. This is in con- 
trast to the majority of self-injective algebras of finite representation type (see [T]). 
Since Hochschild cohomology is invariant under derived equivalence, the second 
Hochschild cohomology group is now known for all standard one-parametric but 
not weakly symmetric self-injective algebras of tame representation type. We con- 
clude the section with Theorem 13 . 101 where we find a non-trivial deformation A,, of 
A associated to our non-zero element 77 in HH^(A). This illustrates the connection 
between the second Hochschild cohomology group and deformation theory. 

1. A CLASS OF ONE- PARAMETRIC SELF-INJECTIVE ALGEBRAS 

We start by describing the algebras A = A(p, g, fc, s, A) of [2]. Let K be an 
algebraically closed field and let p, s, k be integers such that p, g > 0, fc > 2, 1 < 
s < fc-l,gcd(s,fc) = l,gcd(s -t- 2,fc) = 1 and A e K\{0}. From Section 5], 
A(p, q, k, s, A) has quiver Q{p, q, k, s): 
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where, for any i G {1, 2, . . . , fc}, i i — 1 denotes the path 
^ 1) ^ 2) ^ ^ {%, q) ^ z - 1, 



I ■ 



and i — 1 ^ i + s denotes the path 

. /3,0 ^,1 /3,2 ftp . 

« - 1 ^ ^ ^ • ■ • ^ iP ^ I + s. 



Then A = KQ{p, q, k, s)/I{p, q, k, s, A) where I{p, q, k, s, A) is the ideal generated 
by the relations 

•ftp/3(s+j+i)o, for i l,2,...,fc, 

•a(i,9)a(i-i,o), for j = 1,2, . . . 

•«(i,t')«(i,t' + l) • • • • • • Ap"(s+i,0)<^(s+i4) • • • Ct{s+iA'), 

for t' = 0, 1, . . . , q, i = 1, 2, . . . , fc, 

•PpPij+i ■ ■ ■ Apa(s+i,o)a(5+4,i) • • • a(s+j,g)^(s+i)o/3(s+i)i • • • /3(s+i)j > 
for j = 0, 1,. . i = 1,2,. . .,fc, 

•a(i,o)a(i,i) ■ ■ ■ Ao • • • 

— /3(j+l)o/3(i+l)i • • • /3(i+l)pQ:(s+i+l,0)a(s+i+l,l) ■ ' ■Q^(s+i+l,g), 

for i — 2, . . . , k, and 

•a(i,o)a(i,i) • ■ • • • • - A^2o/32i • • • /32pa(s+2,o)a(s+2,i) • • -"(5+2,9), 

where A e A' \ {0}. 
Note that we write our paths from left to right. 

In order to compute HH^(A) for A — A{p,q,k,s,X), the next section gives the 
necessary background required to find the first terms of the projective resolution 
of A as a A, A-bimodule. Section [3] uses this part of a minimal projective bimodule 
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resolution for our algebras to determine the second Hochschild cohomology group 
and provides the main results of this paper. 

2. PROJECTIVE RESOLUTIONS 

To find the second Hochschild cohomology group HH^(A) for A = A{p, q, k, s, A), 
we use the projective resolution of 3^. More generally, let A = if Q// be a finite 
dimensional algebra, where K is an algebraically closed field, Q is a quiver, and / 
is an admissible ideal of KQ. Fix a minimal set of generators for the ideal /. 
Let X G Then x = Y^^j=i '^j^^j ' ' ' '^kj ■ • • o,sjj, that is, a; is a linear combination 
of paths aij ■ ■ ■ a^j ■ ■ ■ ag.j for j = 1, . . . , r and Cj e K and there are unique vertices 
V and w such that each path aij ■ ■ ■ a^j ■ ■ ■ a^.j starts at v and ends at w for all j. 
We write o{x) — v and t{x) — w. Similarly o(a) is the origin of the arrow a and 
t(a) is the end of a. 

In [3] Theorem 2.9], it is shown that there is a minimal projective resolution of 
A as a A, A-bimodule which begins: 

. . . ^ Q3 ^ q2 4| Ql 4^ qO 4 ^ _^ 0^ 

where the projective A, A-bimodules Q", Q^, are given by 

Q" = Av(g> vA, 

V, vertex 

= Ao(a) (g) t(a)A, and 
= Ao{x) (g) t{x)A, 

and the maps g,Ai, A2 and A3 are A, A-bimodule homomorphisms, defined as 
follows. The map g : — > A is the multiplication map so is given hy v v 1-^ v. 
The map Ai : Q'^ is given by o(a) t(a) o(a) ® o(a)a — at(a) (g) t{a) for 

each arrow a. With the notation for x G given above, the map A2 : ^ 
is given by o(a;) t(x) t-^ J^j^i Cj(I]fcLi ay ' • ' a(fc-i)j ® ' ' ' where 

aij ■ • • a(fc_i)j ® a(fc+i)j ' • ' o-sjj e Ao{akj) <S> i{akj)A. 

In order to describe the projective bimodule and the map A3 in the A, A- 
bimodule resolution of A in , we need to introduce some notation from [4] . Recall 
that an element y G if Q is uniform if there are vertices v, w such that y = vy = yw. 
We write o{y) — v and i{y) = w. In [4, Green, Solberg and Zacharia show that 
there are sets /" in KQ, for n > 3, consisting of uniform elements y G f" such that 
y = X^icG/"-! ^^a: ~ SzG/"-2 ^'^z ^'-^^ unique elements r^., e KQ such that G i. 
These sets have special properties related to a minimal projective A-resolution of 
A/r, where r is the Jacobson radical of A. Specifically the rt-th projective in the 
minimal projective A-resolution of A/r is ^yfzfn i(y)A. 

In particular, to determine the set f^, we follow explicitly the construction 
given in T, §1]. Let denote the set of arrows of Q. Consider the intersec- 
tion (0, f^KQ) n (0j fjl). Set this intersection equal to some (0, ff*KQ). We 
then discard all elements of the form f^* that are in 0,- ffl\ the remaining ones 
form precisely the set . 

Thus, for y € p we have that y e (0- ffKQ) n (0^ fjl). So we may write y = 
S fiPi = S lifi'^'i with Pi, Qi, Ti £ KQ, such that Pi,qi are in the ideal generated by 
the arrows of KQ, and pi unique. Then [J gives that = 0ygj3 Ao{y) t(y)A 
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and, for y <E p in the notatfon above, the component of Aj,{o{y) ® t(y)) m the 
summand Ao(/f ) (g) t(/f )A of is o{y) ®pi~ qi ® ri. 

Applying Hom(— , A) to this part of a minimal projective bimodule resolution of 
A gives us the complex 

^ Hom(QO, A) % Hom(Qi, A) H Hom(Q^ A) H Hom(Q3^ A) 
where di is the map induced from for i = 1, 2, 3. Then }m^{K) = Kerdg/Imdz. 

Throughout, all tensor products are tensor products over K , and we write ® 
for ®K- When considering an element of the projective A,A-bimodule Q"^ = 
®a arrow -^'^i'^) ® t(a)A it is important to keep track of the individual summands 
of Q^- So to avoid confusion we usually denote an element in the summand 
Ao(a) (8>t(a)A by \®a A' using the subscript 'a' to remind us in which summand this 
element lies. Similarly, an element \®p A' lies in the summand Ao(/f) ®t{ff)K of 
and an element \ ®p A' lies in the summand Ao(/f) ® t(/f )A of . We keep 
this notation for the rest of the paper. 



3. HH2(A) 

We have given A = A(p, g, fc, s. A) by quiver and relations in Section[T] However, 
these relations are not minimal. So next we will find a minimal set of relations 
for this algebra. 

Let 

= a(i,o)«(i,i) ■ • • ■ • 

— A/32"/32i • • • ^2Pa(s+2,0)'^(s+2,l) ' ' ■ '^(s+2,(/)) 

= a(i,o)a(i,i) • • • fto/^ji ■■■ Pip 

— /3(j+l)o/3(i+l)i • • • /3(i+l)p"(s+i+l,0)"(s+i+14) • • -<^{s+i+l,q) 

for i e {2, . . . , k}, 
/l.i = PipP(s+i+i)'^ for i G {!,..., fc}, 
fl,i = a(»,9)a(i-i,o) for i e {1, . . . , fc}, 

fl,i,j = + 1 • • • Piva.(s+ifi)a(s+i,l) ■ ■ ■ (s+ Lq) P (s+i)° P(s+iy ■ ■ • I3(s+i)i 

where j G {1, . . . ,p ~ 1} and i G {1, . . . , fc}, 

fi,i,t' = «(i,t')0^(i,t' + l) ■ ■ ■ 0:{i,q)f^i°Pi^ ' • ' /^f Q;(s+i,0) "(s+i,!) ' ' " ^(s+i,*') 

where G {1, . . . , g — 1} and i G {1, . . . , fc}. 

The remaining relations given in Section[l]are all linear combinations of the above 
relations. For example, the relation Pioj3ii ■ • ■ j3iva(s+ifi)0c(s+i,i) ■ • ■ ot(s+i,q)P(s+i)° 
can be written as a(,_i_o)a(j-i,i) ' ■ ' ' • • flt^i- fi,i~i 

I3(s+i)°- So this relation is in / and is not in 

Proposition 3.1. For A = A(p, q, fc, s. A) and with the above notation, the minimal 
set of relations is 

In contrast to the majority of self-injective algebras of finite representation type, 
we will show that the algebra A(p, q, fc, s. A) has non-zero second Hochschild coho- 
mology group (see [U Theorem 6.5]). Recall that HH^(A) = Kei d3/lmd2, where 
ds : Hom(g2, A) ^ Hom(g3, A) is induced by A3 : ^ Q^. 
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First we will find lmd2. Since d2 : Hom(Q\A) -> Roin.{Q'^ , A) , let / £ 
Hom((5^, A) so that ^2/ = /^2- We consider the cases 1 < s < fc — 2 and s = k—1 
separately. 

Let 1 < s < fc — 2 and 

/(ei (^/Sii+ijo e(i+i)i) = ci,,/3(,+i)o, 

/(e(i+i)3 ®/3(,^,)j e(,+i)j+i) = C2,i+i,j%+i)j for j € {1, . . . ,j3 - 1}, 

j+l)p '8'/3(i+i)p Cg+i+i) — C2,i+l,p/3(i-f i)p , 
/(Ci Oq(«,o) = C3,iQ!(j,0), 

/(e(i,t') e(i^t/+i)) = C4,i^t'a{i,t') ioi t' G {1, . . . ,q - 1} and 

where all coefficients ci,j, C2,i+i,j for j e {!,..., p - 1}, C2,i+i,p, cs,,, 04,1,4/ for G 
{1, . . . ,q — 1}, c^A.q S -K'. Now we find /A2. 
First wc have, 7^2(61 ®ff^ ^s+i) 

= /(ei (X)a(i_o) e(i,i))a(i,i) • • • ^o/^ii • • • 

+Q:(i,o)/(e(i,i) (Xiati^i) e(i,2))a(i,2) ' ' ' (X{i,q)Piol3ii ■■■Pip 

H 1- Q!(i,o)Q!(i,i) ■ ■ • "(i,9-i)/(e(i,9) efc)^io/3ii • • • /3ip 

+a(i,o)a(i,i) • • • "(i,<?)/(e*; ®/3io eiO^ii • • • ^ip 
+a(i,o)a(i,i) • • • a(i,q)/^i"/(eii (8>/3ji ei2)/3i2 ■ • • /3ip 

H 1- Q!(i,o)Q!(i,i) ••■"(!, <j)/3io/3ii • • ■/3iP-i/(eiP (8)^ip Cg+i) 

-A[/(ei (gj/j^o e2i)/32i • • • /32pa(s+2,o)a(.s+2,i) • • • "(.s+2,g) 
+/32o/(e2i <8>/32i e22)/322 • • • /32pa(s+2,o)a(s+2,i) • • • "(8+2,9) 

H h ^20/321 • • • /32P-i/(e2P (8/32? es+2)Q!(5+2,0)Q!(s+2,l) • • ■ Q!(s+2,g) 

+/320/321 • • • ^2p/(es+2 ®a(,+2,o) e(s+2, 1) )a(s+2,l) • • • a(s+2,g) 

+/320/321 • • • /52Pa(s+2,0)/(e(s+2,l) <8)a(3+2,i) e(s+2,2))a(s+2,2) • • •a(s+2,g) 

H h /320,52i • • • p2P(X{s+2,0)Oi{s+2,l) ' ' • (X{s+2,q-l)f{e{s+2,q) ^a^s+2,g) ^s+l)] 

= (c3,i + C4,i,i H h C4,i,g + ci,fe + C2,i,i H h C2,i,p)a(i,o)a(i,i) • ■ • a(i,g) 

/3ii---/3iP 

-A(ci,i + C2,2,l H 1- C2,2,p + C3,s+2 + C4,s+2,1 H h C4,s+2,g)/320/^2i ■ ■ ■ 02p 

tt(s+2,0)"(s+2,l) • • • CK(s+2,q) 

= (C3,l + C4,l,l -I h C4,i,g + Ci,/c + C2,l,l H h C2,l,p - Ci,i - C2,2,l 

C2,2,p — C3,s+2 — C4,s+2,1 — ■ • ■ — C4,s+2,g)a(i,o)Q!(l,l) ■ • ■ a(i,g)/3io/3ii ■ • -^ip. 

Similarly for i G {2, . . . ,fc}, /^2(ei (8>/2 _ es+j) = (c3,j + C4,i,i H h C4,i,g + 

Cl,i-1 + C2,i,l + • • • + C2,i,p — Ci,i — C2,i+l,l — • • • — C2,i+l,p — C3,s+i+l — C4,s+i+l,l — 

• ■ • - C4,s+i+l,g)Q:(i,0)"(i,l) • • • "(i,g)A<'/3ii • • • ftp- 

For the remaining terms, /A2(o(a;)(g)a:t(a;)) = where a; G {/l,^, /l,^, /l.i.j , /l.i.t' } 
for all i G {l,...,fc}, i G 1} and G - 1}. 

Let = C3,i + C4,j,i H h C4,i,g + Ci,j_i + C2,i,l H h C2,i,p - Ci,i - C2,i+l,l - 

• ■ • — C2,i+l,p — Cs^s+i+1 — C4,s+i+l,l — • • ■ — C4,s+,+i,g for i = 1, . . . , fc 

and Pi = Q;(j,o)a(i,i) • • • a(i,q)/3jo/?ii • • • /3iP for z = 1, . . . , fc. 

Thus for is {1, . . . . fc} and 1 < s < fc — 2, fA2 is given by 
fA2{ei ®y2^ Cs+i) = c'iPi, 
fA2{eiv ®f2 , e(^+i+i)i) = 0, 
/^2(e(j,g) (g)/2 . e(j_i,i)) = 0, 
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fA2{ep ^fl.j e(s+j)i+i) = where j e {1, . . . ,p - 1} and 
M2(e(i,t') e(s+i,t'+i)) = where t' G {1, . . . ,q - 1}, 

where c[,...,c'^. G K with Sf^iC- = 0. So dimlmd2 = k — 1. 

For s = /e — 1, we let 

fi^i ®%+i)o e(i+i)i) = ci,i/3(i+i)o, 

/(e(i+i)j <8';8(,+i)j e(j+i)j+i) = C2,i+i,j/3(j+i)i for j e {1, . . . ,p - 1}, 

/(e(i+i)p ®/3(i+i)p e,) = C2,i+i,p/3(j+i)p, 

/(e(i,t') "^aji,,/) e(i,t'+i)) = C4^i,t'a{i,t') for e {1, . . . , g - 1} and 

where for ah z G {1, . . . , A:} the coefficients ci,j, C2,i+i,j for j G {1, . . . ,p—l}, C2,i+i,p, 
C3,i, C4,j,t' for e {1, . . . , g - 1}, C4,i,q, are in /f. 

Then we can find fA2 for i e {1, . . . , fc} in the same way as the previous case to 
see that it is given by 

fA2{ei ®y-2 ei_i) = c-pi where c-,pi as above , 
/^2(e,P «)/2 . Cii) = 0, 

/^2(e(j,g) . e(i_i,i)) = di,ja(i,g)/3io/3ii • ■ • ^jpQ;(j_i_o), 
fA2{ep ®fi.. e(i_i)j+i) = where j e {1, . . . ,p - 1} and 

/-42(e(j,t/) ^, e(j_i,t/+i)) = where G {1, . . . , g - 1}, 

where c'^ , . . . , c^, . . . , d\^k G -f'^ with S^^^^c- = 0. Note that there is no depen- 
dency between the rfi^j. So dimlmd2 = 2k — l. 

Proposition 3.2. If 1 < s < k — 2, we have dimlmrf2 = k — 1. If s = k — 1, we 
have dimlmd2 = 2fc — 1. 

Next we find Hom((5^,A) and again consider the two cases separately. Let 
1 < s < fc — 2 and h G Honi((5^, A). Then h is defined by 

<8) t{flJ ^ c?jQ;(i,o)a(i,i) ■ ■ ■ oi{i,q)l3i°Pi' ■■■l^i^ for « G {1, 2, . . . , A;}, 
else H-T' 0, 

where di £ K. 

Therefore dimHom((3^, A) = fc. Hence, dimKerds < k. 

For s = fc — 1 and i G {1,2,..., fc}, ft- is given by 

"(/m) ® tl/i.i) '-^ rfia(i,o)a(i,i) •••Q:(i,g)/3iofti • • • Ap + (iia(i,o)a(j,i) • • • ^(j,,), 
o(/3,i) ® t(/|,i) ^ <a(i,,)/3io^ji • • • A-aci-i.o), 
else I-7- 0, 

where di,d[, d'l arc in iiT for i G {1, . . . , fc}. Thus diniHom(Q^, A) = 3fc. 

Proposition 3.3. If 1 < s < k — 2, we have dimHom(Q^, A) = k. If s = k — 1, 
dimHom(Q^A) = 3k. 

Corollary 3.4. Ifl<s< k — 2, we have dimKerds < k. Ifs = k—1, dimKerds < 
3k. 

In order to find Ker rfa and hence determine HH^(A) we start by giving a non-zero 
element in HH^(A) for all s. 
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PlPu if fl = fli 

otherwise. 



Proposition 3.5. Define hi e Honi((5^, A) by 

® Kfis) = ei (g) Cs+i H- 0(1^0)0(1,1) • • •a(i,g)/3ioAi • • - /Sip = Pi, 
else i~> 0. 

T/ien hi is in Ker 6^3. 

Proof. We note that pi so hi is a non-zero map. To show that hi g Kerds we 
show that — 0. First, observe that pil3(s+2)» = and pia(s+i.o) = 0. Hence 

Pit = 0. Similarly we have vpi = 0. 

Recall that = Uy(^p ^^iv) ® t(2/)A where y = 'EufuPu = E„ and 
PmQu are in the ideal generated by the arrows. For y £ f^ the component of 
^3(0(2/) ® t(2/)) in Ao(/2) ® t(/2)A is 

Then 

/iiyl3(o(2/) Cg)t(2/)) = E„(/ii(o(y) ®/2 P«) - g«/ii(o(/^) ®/2 t(/^))r„). 

Thus hi{o{y)®f2pu) = I 

As p„ is in the arrow ideal of KQ, piPu £ pir = 0. So we have hi{o{y) ®Pu) — 0. 
Similarly /ii(g„ 0/2 r„) = = 0. Therefore /iiA3(o(?/) ® t(y)) = 

for all y e so /11A3 = 0. Thus /ii e Ker 1^3 as required. □ 

Theorem 3.6. For A = A{p, q, k, s, A) where p, q are positive integers, k > 2, 
1 < s < k — 1 with gcd(s + 2, fc) = 1 = gcd(s, k) and X € K \ {0}, we have 
HH2(A) 7^ 0. 

Proof. Consider the element hi + lm.d2 of HH^(A) where hi is given as in Propo- 
sition 13.51 by 

o(/m) ® ^(/m) = ei e^+i 1^ pi, 
else i~> 0. 

Suppose for contradiction that hi G Im(i2- Then /ii(ei (X)es+i) = fA2{ei(g)es+i). 
So pi = c[pi and so c'j^ = 1. Also hi{ei(E)es+i) — /^2(ei®es+i) where i G {2, . . . , fc}. 
Then = c'^Pi, where i G {2,..., A;}. But this contradicts having S*L-^c^ = 0. 
Therefore hi ^ lmd2, that is, /ii -I- lm.d2 ^ -f- Imd2. So hi + lmd2 is a non-zero 
element in HH^ (A). □ 

Note that we can also define maps /i^ : — > A by 

o(/m) ® a(j,o)a(i,i) • ■ ■ ot{i,q)Pi°Pi^ ■■■PiP = Pi, 

else 1-^ 0. 

for i = 2, . . . , fc. However, /ii, /12, ■ ■ ■ ,hk all represent the same element hi + Im(i2 
of HH2(A). 

As we have found a non-zero element in HH^(A) we know that dimHH^(A) > 1. 
In the case l<s<fc — 2we have the following result, the proof of which is 
immediate from Proposition [321 CoroUarv 13.41 and Theorem 13.61 

Proposition 3.7. For A = A{p, q, k, s, A) where 1 < s < k—2, we have dimKercZ3 = 
k and dimUR^ (A) = 1. 
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For the case s = fc — 1, we need more details to find Kerda. Following [?] we 
may choose the set to consist of the following elements: 

{f!,^Jl^Jl^,t'Jl^,J}, ^hcrC 

fi.j = /i,i"(i-i,o)a(i-i,i) + (^{i+i)'>P(i+iV • • • /3(i+i)!'a(i,o)a(i,i) ' ' ' o^ii,q-i)fi,i<^(i-i,i) 

= a(i,o)/5,ia 

e e^KQe(^i_l 2) where i £ {2, . . . , fc}, 
= /i,ia(fc,o)a(fe,i) + ^^20^2^ ■ ■ ■ /32r'a(i,o)a(i,i) ' ' ' "(i,9-i)/la"(fc,i) 
= a(i.o)/|,i,i 

e ei/i:Qe(fe,2), 

/l.i = /m/3joAi - a(i,o)a(i,i) • ■ • • •ft(p-i)/2,iAi 

= -%+i)o/4,i+ia 

G eiKQei2 where i G {2, . . . , fc}, 

= /i,i/3io/5ii - a(i,o)a(ia) • • • • • • A(p-i)/2,i^i' 

e eiiirQei2, 

/li.t' = /5,i,t'"(i-l,t' + l) 

= a(i,t')/5,j,t'+i 

G e(j,t')i4:Qe(^_i,t'+2) where i g {1, . . . , fc} and i' £ {1, . . . , g - 2}, 
fi,i,q-i = /5,i,q-i"(i-i,<?) - a(i,9-i)/3,j"(i-i,i) ■ ■ ■ a(j-i,g)/3(j-i)o/3(j-i)i • • • /3(j-i)p 
= -"(»,9-l)"(i,g)/M~l 

e e(j ,j_i)ifQej_2 where i G {1, 3, . . . , fc}, 

/3,2,g-l = '^/5,2,9-l"(l.g) ^ "(2,9-!) /3,2"(1,1) ' ' ' "(1. 9)^0/^11 ■ ' ■ Pip 

= -a(2,q-i)a(2,g)/M 

e e(2,q_i)iirQefc, 

/l.i.g = /3,i"(i-l,l) ■ • •"(i-l,g)/3(i-l)o/5(i-l)i ' ' ' /?(i-l)pa(i-2,0) " a(i,g)/l,j-ia(j-2,0) 

= a(i,9)/3jo/3ji • • • /3ipa(i-i,o)a(j-ia) ' ' ' '^(i-i,q-i).fi,i-i 
e e(^,q)KQe(i_2,i) where z G {1, 3, . . . , fc}, 

/3,2,g = /3,2"(1,1) ■ ■ ■ ' ' ' /3lPa(fe,0) " "(2,9) /l,ia(fc,0) 

= Aa(2,q)^20/32i • • • ^2pa(i,o)a(i,i) ' • • "(l.g-l)/!,! 
e e(2,q)iirQe(fc^i), 

G ejjis:Qe(j_i)o+2) where j G {1, . . . , fc} and j G {1, . . . ,p - 2}, 

fl,i,P-i ^ fl.i,p~iP(i~i)p ~ /5i(p-i)/2,iAi • • • /3jpa(i-i,o)a(i-i,i) ■ ■ '"(i-l,?) 
= /3i(p-i)/3ip/i j_i 

G ej(p-i)if Qei_2 where i G {1, 3, . . . , fc}, 

fl.2,p-l = fl,2,p-lPv - A/32(p-i)/2,2/^2i • • •/32Pa(l,0)"(l,l) ' ' ''^(1,9) 
= /32(P-i)/32p/l4 

G e2(p-i)iirQefc, 

/ii.p = /iiAi • • • /3ipa(j-i,o)a(i-i,i) " ' " + Pi" fi,i-iP(i-i)° 

= /3ipQ!(i_i^o)"(i-l,l) ■ • • • •^(i-l)(P-i)/2,i-l 

G eipKQe(^i_iY where i G {1, 3, . . . , fc}, 
/4,2,p = '^/2,2^2i • • • /32pa(i,o)a(i,i) ' ■ ' ^{l,q)Pl'> + ^2p/l,l/3lO 
= /^2pa(i,o)a(i,i) • • • a(i,q)Ao/3ii ' • ■ Pi(p-i)f2,i 
G e2pif Qeii. 
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Thus the projective bimodule is 0ygy3 Ao(y) ® t{y)A 
= 0iLi[(Aei (8)/j3 . e(j_i,2)A) ® (Ae, . e,2A) 0t,"l^i(Ae(,,t/) ®/|^ ^, e(,„i,t'+2)A) 

®(Ae(,,q_i)(8)/3 . ^_^ei_2A)©(Ae(i^,)«)^3 . ^e(j_2a)A) 0^=1 (Ae,i(g)/3 . ^.e(,_i)(i+2) A) 
© (Aei(p-i) (g)f3 ei_2 A) © (Ae^p (g) f 3 e/j_i)i A)]. 

Now we determine Ker o?3 in the case s = fc — 1 . Let ft, G Ker da , so /i G 
Hom((5^, A) and ^3/1 = 0. RecaU that for i G {1, . . . , fc}, h is given by 

o(/m) ® Kfi,i) '"^ c^i"(i,o)a(i,i) • • • ct(i^q)f3ial3ii ■ ■ ■ + diQ;(j_o)a(i,i) • • • 

else i-> 0, 

where di^d[, d'l are in if. 

Then for i G {1, . . . , fc}, we have hAj,{ei ®f3 e(j_i_2)) 

= h{ei ©j.2^ ei_i)a(j_i^o)a(i-i,i) 

+/3(i+i)o/3(i+i)i • • • "(i,o)"(i,i) • • • a(i,g-i)^(e(i,g) ©/|^ 

-a(i,o)/i(e(i,i) (X)/! . e(i_i,2)) 

= c?ia(i,o)a(i,i) ' ■ ■ ■ • ■ Apa(i-i,o)a(j-i,i) 

+d[a[ifi)a(i^i) ■ ■ ■ a(i,q)a(i_i_o)a(i-i,i) 

+<^i'^(i+l)0%+l)i ■ • • o)a(i,i) ■ ■ ■ "(i.g)AoAi ■ ■ • Apa(i-i,o) 

= 0. 

In a similar way we can show that hAz[ei ®ff^ ^(k.2)) ~ 0- 
For i G {2, . . . , fc}, we have hA'i{ei ®f3 ep) 

= ft(ei (g)/2 . ej_i)/3jo/3ii 

-"(i,o)a(i,i) • • • oi{i..q)Pi°Pi^ ■ ■ ■ l3,ip-i)h{eiP 0^2 . 6^1)^1 
+/3(i+i)oft-(e(,+i)i e,2) 

= c^ja(i,o)a(i,i) ■ ■ ■ oi(i,q)Pt°Pi^ ■ ■ ■ PipfitoPi^ + ^^"(1,0)0(14) • ■ • oi(i^q)!it°Pi^ 

= rfia(i,o)a(ia) ■ ■ • a(^(^)/5^oAl■ 
As /i G Kerc?3 we have d[ = for i G {2, . . . , fc}. 

Similarly it can be shown that hA^[ei ®f3_^ 612) = 'i']^a(i,o)Q^(i.i) ' ' ' C)i{i.q)f^i°Pi'^ 
so that d'^ =0. 

We also have /i^3(o(/|_j j,) ®/|.^, ^{M.i,t')) = for i G {!,..., fc} and i' G 
{!,..., q). Finally, putting hA^{o{fl^^) ® ff . . Kfl,i,j)) = does not give any new 
information for i G {1, . . . , fc}, j G {1, . . . ,p}. 

Thus h is given by 

o(/m) ® t(/M) '-^ c?ja(j,o)a(»,i) ' ' • "(i, 9)^0^1 ■ ■ ■ Pi^ for i G {1, 2, . . . , fc}, 
"(/I, J ® Kfli) ^ <a(,,q)/3,o Ai • • • Apa(i-i,o) for i G {1, . . . , fc}, 
else 0, 

where di, d" for i G {1, . . . , fc} are in ii'. It is clear that there is no dependency 
between di,d'-, and therefore dim Ker 1^3 = 2fc. 

Proposition 3.8. For A = A{p, q, fc, s, A) and s ~ k — 1, we have dimKerc?3 = 2fc. 

Using Propositions I3.2[ I3.7| 13.81 and Theorem 13.61 we get the main result of this 
paper. 
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Theorem 3.9. For A = A(j>, q, k, s, A) where p, q, s, k are integers such that p,q > 
0, fc > 2, 1 < s < - 1, gcd(s, k) = 1, gcd(s + 2, fc) = 1 and X e K \ {0}, we have 
dimHH2(A) = 1. 

We conclude this paper by giving a deformation of A which arises from the 
non-zero element hi + lm.d2 in HH2(A). 

Let rj ~ hi + Im(i2- Recall that pi = Q:(i,o)«(i,i) • • • Q^(i,g)/3io/3ii •■•/3ip- We 
introduce a new parameter t and define the algebra A^ to be the algebra KQ/I^ 
where 7^ is the ideal generated by the following elements: 

(1) fli-tpiJl^ where j e {2,..., k}, 

(2) for all i G {!,..., fc}, fli, fli, flij, fli,t', where j € {!,..., p- 1}, t' e 

(3) pia for all arrows a with t{pi) = o(a), 

(4) opi for all arrows a with t(a) = o{pi). 

We now need to show that dim A^ = dim A to verify that A^ is indeed a defor- 
mation of A. First of all, it is clear that diinejA,, = dimejA for all t and for all 
vertices ej with ej ^ ex. Now we consider eiA and eiA^ with t ^ 1, and eiA^ with 
t = l. These projective modules are described as follows: 



eiA, eiA^ witht ^ 1 eiA^witht = l 





^ 1-^ 




"(1,0)^ 


^ 1 \ 




(1,1) 




^^21 


(1,1) 




^^2i 


1 




|/32l 


"(1,1) 1 




|/32l 


(1,2) 




22 


(1,2) 




22 


(1,9) 




2P 


(1,3) 




2P 


«(i,<i) 1 




\hp 


"(1.9) 1 




1 hp 


s + 1 




s + 2 


S+1 




s + 2 


/3iO 1 




1 "(1,0) 


/3iO 1 




1 "(1,0) 


fl 




(1,1) 


ll 




(1,1) 


/3ii 1 




1 "(1,1) 


/3ii 1 




1 "(1,1) 


12 




(1,2) 


12 




(1,2) 




In each case we see that dimeiA = dimeiA^ = 2p + 2g + 4 for all t. Hence 
dimA^ = dim A. Moreover, when t = 1 the algebras A and A^ are not isomor- 
phic since, in this case, A^ is not self-injective. Thus we have found a non-trivial 
deformation of A. 
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Theorem 3.10. With A,r], and as defined above, then A,, is a non-trivial 
deformation of A. Moreover, the algebras A and A^ are socle equivalent. 
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